Section 4.5

L'Hopital’'s Rule and Indeterminate
Forms

(1) Refresher: Determinate and Indeterminate Forms
(2) L'Hopital's Rule
(3) Comparing Growth of Functions



The Form of a Limit

The form of a limit lim [0 is the expression resulting from substituting
X—C
x =c into .

The form of a limit is not the same as its value!
It is a tool for inspecting the limit.

lim x2retan(x) . form 0° lim (1 +X)% : form o®
x—0 X—00
lim cos(x)% . form 1% lim In(x)sin(x): form 0-o0

x—0 x—07



Indeterminate Forms are called indeterminate because they
represent limits which may or may not exist and may be equal to any
value. The form itself does not indicate the value of the limit. There are
7 indeterminate forms.

0 00
- +— +0-00

0 00
1% 0° ooV

00 — 00



Indeterminate Forms

Limits of form g:

. ) .
sin(x sin“(x sin(x
Iimﬁzl Iimﬁzo lim (x) DNE
x—0 X x—0 X x—0 x2
Limits of form f:
oo
+1 In(x R
lim 2= =1 jim M) lim — =oco
X—00 X X—00 X X—00 X

These two indeterminate forms are like “tugs-of-war’ between the
numerator and denominator. Which of the two grows faster?



L'Hopital’'s Rule

L'Ho6pital’s Rule

If f and g are differentiable near x = a and either

(i) lim f(x)=0and lim g(x) =0, or
(ii) )Li@af(x) = +00 and )I(iﬂ'}ag(x) = +00,

then
lim M = lim fi(x)
X—a g(x) x—a g/(x) ’

The rule applies equally for one-sided limits.
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Example 1:

These limits are of form 0/0. The steps marked HER se L'Hépital's Rule.

(a) lim —Sin(x) LER - ); —% (sin(x)) = lim —COS(X) = cos(0) =1
x—0 X x—0 d%'((x) x—0 1
2
(b) tim 20"+ LR iy ST
x—0 X x—0 1
o x*+2x-20 LHR .. 4x3+2 17
(e) i = lim =
x—2 x3-8 x—2 3x2 6
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Example 2:
The steps marked AR se L'Hépital’s Rule.

These limits are of form 22.
d
- £ (3x-7
(a) li < LgRllm‘g(X ): mE:—
x—=00 6x +5 x=00 d(Gx45)  x=06
| 4 (| 1
(b) lim M) LER Jim dxsn(x)) = lim =X =0
X—00 X X—00 E(X) X—00
l .
< lim (sm(x))( 1 ) _ 4
X cos(x)

LHR .
= lim ——
x—0+ cos(x)

In(x)
sin(x)

() i i)
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Example 3:

Sometimes it is necessary to perform L'Hépital's Rule multiple times.

eX-x-1

(a) li

X
= |.
20 — cos(x)

(b) lim
~18x—40

x—oo  12x

bt cos(x)—1

—3x3-20x?
x=c0 2x3 4+ x+7

(0/0)

(determinate)

(00/00)

. 3
= lim —=| —=.
2

(00/0)

. e*-1
- lm)—sin(x) (0/0)
—9x2 — 40x
= lim 2 40 (00/00)
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L'Hopital's Rule: Warnings

Warning #1:
L'Hépital’s Rule only applies to the indeterminate forms 0/0 and co/oo.

Before applying L'Hépital’'s Rule to a limit, verify that it is of one of
those two forms.

Warning #2:
Don’t confuse L'Hépital's Rule with the Quotient Rule!
They have completely different uses.

e L'Hépital's Rule is for evaluating limits.

@ The Quotient Rule is for evaluating derivatives.



The Form oco—oo

To evaluate limits with the form co— oo, use algebra to rewrite the
expression as a quotient, often in 0/0 or co/co form. Often this means
finding a common denominator.

1
Example 4: To evaluate IirB (— —csc(x)), which has the form oo — oo,
x—0+\ X

rewrite it:

1 1 _sin(x)—x
;_CSC(X) T ox sin(x) xsin(x)

This is an 0/0 form, so we can apply L'Hépital’s Rule:

XILr8+ S';S(I);)(;)X o lerT(J1+ Xc:sii())?—;ii(x) (0/0)

LHR o —sin(x) _
- o "L

x—0* —xsin(x) + 2cos




The Form 0-c0

Limits with the form 0-co can easily be converted to 0/0 or co/co form.

If limyx—5f(x)=0 and limy_,g(x) = oo, then

lim f(x)g(x) = lim f(lx) = lim g(lx)

X=a e — X— 1 X— _1

0-c0 form (g(x)) f(x))
—— —_——
0/0 form 0o/oo form

Examples (5):

i | i In(x) LHR i % 1 @
@) Jfigxinbd = g7 = Ipog =

(b) lim (x—g)tan(x): lim_ _2_ AR im ;z

x—%" x—% COt(X) x—1~ —CSC2(X)
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Indeterminate Forms Involving Exponents

For limits of the forms 1°°, 09, or oo, the key step is to rewrite

[imm = lim eln(.)
X—C X—C

= )I(ipcexp(ln(l)) = exp()l(ipcln(l)).

@ The second equality is valid by the Limit Laws (see §2.4) because e~
is continuous everywhere.

@ The “exp” notation avoids humongous expressions in superscript.

This technique changes the limit into one of form 0-oo:

1° = e|n|1°°\ . eoo~|n(1) \
00 —  en0®  _,  g0In(0) _, g0
od — e|n|oo°| - 0In(co) /



Indeterminate Forms Involving Exponents

Example 6: Iir8+xx has the indeterminate form 0°.
X—

Xliﬁrg+ XX = exp (Xliﬁng+ In(XX))
= exp (XILn8+x|n(x)) (0-00)
= exp(x“f& |n(lx)) (00/c0)
5 25 - e )
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Indeterminate Forms Involving Exponents

Example 7: lim,_g+(=In(x))* has the indeterminate form oc?

lim (~In(x)* =exp

lim n((=In()))|
=exp| lim xIn(=In(x))

x—0*

=exp| lim M

(00/00)

-1
. “In(x)  x
X'E&_—l] N

lim —
0+ In(x)
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Indeterminate Forms Involving Exponents

Example 8: Let a be any real number, so that Iinb(1+ax)1/x has the
X—

indeterminate form 1°°.

|im(1+ax)1/x

Xli%]+ In ((1 + ax)l/x)}

= exp
g
In(1+a
= exp| lim M)y
x—0*
a
LHR . T+ax
= | _— =
o I

In fact, this calculation can be used to define the number e:

e=lim (1+x)1/x.

x—0
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Comparing Growth Of Functions

We say that f grows faster than g if

x < x2
() XILn;O% =00, or equivalently .
i) lim & =
(ii) Jim_ ) 0.

(Notation: g« f.) 2 4 6 8

Some important cases (that can all be checked using L'Hépital’s Rule):

(a) x" < e for all n.
(b) In fact, x" <« a* for all n and all a>1.

(c) log,(x) < x™ for all n and all a>0.



Indeterminate Forms Involving Trigonometric
Functions

tan(x)sin(5x)

- has the indeterminate form 9
xsin(7x) 0

[=m) 5 )

Limit of each fraction exists.
1

e [ C e )

CINELIE

Example 9: lim,_g

i tan(x)sin(5x)
im-—————~ =
x—0  xsin(7x) x—0

x—0

5
7
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